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Abstract
In this paper we first consider some well-known classes of separable metric spaces which are isometrically ω-saturated (see
[S.D. Iliadis, Universal Spaces and Mappings, North-Holland Mathematics Studies, vol. 198, Elsevier, 2005, xvi+559]) and, there-
fore, contain isometrically universal spaces. We put some problems concerning such spaces most of which are related with the
properties of the isometrically universal Urysohn space. Furthermore, using the defined notions of isometrically universal mappings
and G-spaces (which are analogies of the notion of isometrically universal spaces) we introduce the notions of an isometrically
ω-saturated class of mappings and an isometrically ω-saturated class of G-spaces (in which there are “many” isometrically uni-
versal elements). We prove that all results of Sections 6.1 and 7.1 of [S.D. Iliadis, Universal Spaces and Mappings, North-Holland
Mathematics Studies, vol. 198, Elsevier, 2005, xvi+559] can be reformulated for isometrically ω-saturated classes of spaces and
G-spaces, respectively. In particular, we prove that if D and R are isometrically ω-saturated classes of spaces, then the class of
all mappings with the domain in D and range in R is an isometrically ω-saturated class of mappings and, therefore, in this class
there are isometrically universal elements. As a corollary of this result we have that since the class of all mappings is isometrically
ω-saturated, in this class there are isometrically universal mappings. Similarly, if G is an arbitrary separable metric group and P is
an isometrically ω-saturated class of spaces, then the class of all G-spaces (X,F ), where X is an element of P, is an isometrically
ω-saturated class of G-spaces and, therefore, in this class there are isometrically universal elements. In particular, for any separable
metric group G, in the class of all G-spaces there are isometrically universal G-spaces. We also pose some problems concerning
isometrically universal mappings and G-spaces some of which concern the Urysohn space.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Preliminaries. A mapping of a metric space into another metric space is said to be isometric or an isometry if it
preserves the metric. Note that any isometry is a topological embedding which may be into.
A space T is said to be (topologically) universal in a class P of spaces if: (a) T is an element of P and (b) for every
element X of P there exists a topological embedding eX of X into T . If only condition (b) is satisfied, then T is said to
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is considered to be an isometry, then T is said to be isometrically universal or isometrically containing, respectively.
An arbitrary considered mapping is assumed to be continuous. The domain of a mapping f is denoted by Df and
the range by Rf , that is if f is a mapping of a space X into a space Y , then Df = X and Rf = Y .
Let f and F be two mappings. A pair (i, j), where i is a topological embedding of Df into DF and j is a
topological embedding of Rf into RF such that j ◦ f = F ◦ i, is said to be a (topological) embedding of f into F . If,
moreover, the spaces Df , Rf , DF , and RF are metric and the embeddings i and j are isometries, then the pair (i, j)
is called an isometric embedding of f into F .
A mapping F is said to be (topologically) universal in a class F of mappings if: (a) F is an element of F and (b) for
every element f of F there exists a topological embedding (if , jf ) of f into F . If only condition (b) is satisfied, then
F is said to be (topologically) containing for the class F. If, moreover, the domain and range of F , as well as, the
domains and ranges of all elements of F are metric spaces and the embedding (if , jf ) is considered to be isometric,
then F is called isometrically universal in F or isometrically containing for F, respectively.
Let G be a (multiplicative) group. By an action of G on a set X we mean a mapping F of G × X into X such
that: (a) F(gh,x) = F(g,F (h, x)) for every g,h ∈ G and x ∈ X and (b) F(e, x) = x for every x ∈ X, where e is the
unit of G. In the case, where G is a topological group, X is a space, and F is continuous, the action F is said to be
topological and the pair (X,F ) a (topological) G-space.
A G-space (T ,F T ) is said to be (topologically) universal in a class P of G-spaces if: (a) (T ,F T ) ∈ P and (b) for
every element (X,FX) of P there exists a topological embedding eX of X into T such that
eX ◦ FX = FT ◦ (idG × eX
)
,
that is the following diagram is commutative
G× T FT T
G ×X
idG×eX
FX
X
eX
where idG is the identical mapping of G and idG × eX is the mapping of G × X into G × T for which (idG ×
eX)(g, x) = (g, eX(x)) for every g ∈ G and x ∈ X. If only condition (b) is satisfied, then (T ,F T ) is said to be
(topologically) containing for P. If, moreover, the space T and for all (X,FX) ∈ P the space X are metric and the
embedding eX is considered to be an isometry, then (T ,F T ) is said to be isometrically universal in P or isometrically
containing for P, respectively. (We note that in the last case the actions are not by isometries.)
Let P be a class of metric (respectively, of metrizable) spaces. The class of all topological (respectively, of all
metric) spaces, which are homeomorphic to elements of P, is said to be the metrizable-correspondence (respectively,
the metric-correspondence) of P.
Let F be a class of mappings, whose domains and ranges are metric (respectively, metrizable) spaces. The class of
all mappings f , whose domains and ranges are metrizable (respectively, metric) spaces, with the property that there
exist an element g of F, a homeomorphism i of Df onto Dg , and a homeomorphism j of Rf onto Rg such that
g ◦ i = j ◦ f is said to be the metrizable-correspondence (respectively, the metric-correspondence) of P.
Let P be a class of G-spaces such that for every (X,FX) ∈ P the space X is metric (respectively, metrizable). The
class of all G-spaces (Y,FY ), where Y is a metrizable (respectively, a metric) space, with the property that there exist
an element (X,FX) of P and an homeomorphism i of Y onto X such that FX ◦ (idG × i) = i ◦ FY , is said to be the
metrizable-correspondence (respectively, the metric-correspondence) of P.
For every cardinal τ we denote by τ+ the first cardinal larger than τ . By ω we denote the first infinite cardinal. An
ordinal is identified with the set of all ordinals less than this ordinal and a cardinal is identified with the least ordinal
of this cardinality.
The construction of universal spaces by [9]. In [9] (see also [5] and [7]) a method of construction of containing
(and universal) spaces is given. The given method is almost purely set-theoretical in the sense that it does not use
any topological property, except for the notion of a base for a topological space. This fact and some “commutative”
properties of the construction give the possibility to use this method for the construction not only universal spaces but
universal mappings, universal G-spaces, isometrically universal spaces and so on.
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than or equal to a given infinite cardinal, it is constructed some “standard” spaces which are called “Containing
Spaces” (with the capital initial letters in order to separate from other containing spaces) for S. These spaces contain
topologically each element of S and for suitable S they will contain topologically all elements of P. (Thus, these
Containing Spaces can be considered as an answer to the “Problem 7” of [1].)
The given method can be used for the construction of universal spaces as follows. Suppose that P is a topological
property defining a class P of spaces, that is a space X belongs to P if and only if X has property P . If P is defined
by some subsets of a space and its relations, then by “transferring” (if it is possible) these subsets and relations to a
suitable Containing Space, this space becomes a universal element in the class P. For the transferring of subsets it is
used the “commutative” properties of the construction with respect to some topological operators on a space such as
the closure, interior, and boundary operators. In such a manner it is possible to construct universal elements in many
(well-known) classes of spaces including (well-known) classes of separable metrizable spaces. In the case, where the
class P contains “many” such Containing Spaces it is called a saturated class. Saturated classes are defined using only
the given set-theoretical construction. In their definition we do not use any concrete topological property. Actually,
many (well-known) classes of spaces in which there are universal elements are saturated. For example, such classes
are the following (in all cases by dimension we mean the dimension ind):
(1) The class of all (completely) regular spaces of weight  τ .
(2) The class of all (completely) regular countable-dimensional spaces of weight  τ .
(3) The class of all (completely) regular strongly countable-dimensional spaces of weight  τ .
(4) The class of all (completely) regular locally finite-dimensional spaces of weight  τ .
(5) The class of all (completely) regular spaces of weight  τ and dimension ind less than or equal to a given non-
negative integer.
(6) The class of all (completely) regular spaces of weight  τ and dimension ind less than or equal to a given infinite
ordinal α ∈ τ+.
(Saturated classes can be considered as an answer to the “Problem 8” of [1].)
The construction of [9] is also “commutative” with respect to the mappings. Using this property in [9] (see also [8])
it is constructed universal elements for many classes of mappings. This is done as follows. For an indexed collection
F of elements of a given class F of mappings it is considered the indexed collection D of spaces consisting of the
domains of all elements of F and the indexed collection R of spaces consisting of all ranges of elements of F. For a
suitable Containing Space Td constructed for the indexed collections D and a Containing Space Tr constructed for
the indexed collection R it is possible to define a mapping FT of Td into Tr , which will be a containing mapping for
the elements of F. For a suitable F it will be also a containing mapping for all elements of F. For many classes of
mappings such a mapping will be a universal element in F. If there are “many” such universal mappings, then the class
F is said to be saturated. Such classes can be constructed for example as follows. Let D and R be arbitrary saturated
classes of spaces. Then, the class of all mappings (respectively, of all open mappings) with the domain in D and the
range in R is a saturated class of mappings.
Universal mappings are used for the construction of universal elements in classes of G-spaces. Suppose that P is
a class of G-spaces, where G is an arbitrary fixed topological group, and F is the action-component of P (that is, F
consists of all mappings FX , where (X,FX) ∈ P). For an indexed collection F of elements of F it is considered the
indexed collection D of the domains of all elements of F and the indexed collection R of all ranges of these elements.
It is constructed a Containing Space Td for D, a Containing Space Tr for R, and the mapping F T of Td into Tr . For
suitable Containing Spaces Td and Tr it is possible to consider Td = G × Tr . In this case, the mapping F T ≡ FG×Tr
will satisfy the group conditions of an action and, therefore, the pair (G × Tr ,FG×Tr ) will be a G-space. This G-
space will be a containing G-space for F. For a suitable F it will be a containing G-space for the class P. Moreover,
in many cases the pair (G× Tr ,FG×Tr ) will be a universal elements in P. In the case, where P contains “many” such
universal elements, P will be called a saturated class of G-spaces. Such classes can be constructed as follows. Let R
be a saturated class of spaces. Then, the class of all G-spaces (X,FX), where X is an element of R, is a saturated
class of G-spaces.
Concerning isometrically universal spaces we note that the first example of such a space in the class of all separable
metric spaces was constructed by Urysohn in [19]. An other space was constructed in [2]. The results of Urysohn are
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some very interesting properties. It is complete and have a kind of homogeneity calling below Urysohn homogeneity.
These two properties characterize the Urysohn isometrically universal space making it very interesting object of
investigation. It is necessary to say that for a long time the class of all separable metric spaces was the only class of
separable metric spaces in which isometrically universal elements were constructed, in contrast with the topological
case, where the topological universal elements are constructed for many such classes.
Isometrically containing and universal elements are constructed in [9] for different (well-known) classes of sep-
arable metric spaces. (For some classes the corresponding results were announced in [4] and [6].) More precisely,
suppose that S is an indexed collection of elements of a given class P of separable metric spaces. In Chapter 9 of [9]
it is considered a slight modification of the method of construction of Containing Spaces for S in which it is added
some “metric conditions” in order to define metrics on the constructed Containing Spaces. With these metrics the cor-
responding Containing Spaces become isometrically containing for the collection S and for a suitable S isometrically
containing for the class P. If P contains such a containing space, this space becomes isometrically universal in P. In
the case, where P contains “many” such isometrically universal spaces, P is called isometrically ω-saturated class of
spaces. Such classes can be constructed as follows. If P is one of the saturated classes of separable metrizable spaces
considered in [9], then the metric-correspondence of P is an isometrically ω-saturated class of spaces.
We note that in [9] the notions of isometrically universal mappings and isometrically universal G-spaces, which
are introduced here, are not considered.
The present paper. In this paper all spaces are assumed to be separable metric. Therefore, the domain and the
range of an arbitrary considered mapping or of an element of an arbitrary considered class of mappings are assumed
to be separable metric spaces. Any topological group is considered to be separable metric. Also, the space X of an
arbitrary considered G-space (X,FX) or of an element (X,FX) of an arbitrary considered class of G-spaces, is
considered to be metric.
A class P of spaces (respectively, of mappings or of G-spaces) is said to be topological if the metric-correspondence
of the metrizable-correspondence of P coincides with P. In what follows, an arbitrary considered class of spaces
(respectively, of mappings or of G-spaces) is assumed to be topological.
We start considering in Section 2 some well-known classes of separable metric spaces which are isometrically
ω-saturated and, therefore, contain isometrically universal elements. We put some problems concerning these classes
and their well-known topological universal spaces. Most of the problems are related with the isometrically universal
Urysohn space and its properties (the Urysohn homogeneity and completeness) which characterize this space.
Furthermore, in Section 3 we consider classes of mappings and using the defined notion of an isometrically uni-
versal mapping we introduce the notion of an isometrically ω-saturated class of mappings and give some results
concerning these classes. These results are reformulations of the results given in Section 6.1 of [9] in which the words
“saturated class” (for the spaces and the mappings) are replaced by the words “isometrically ω-saturated class”. The
proofs of these new results are omitted since they are similar to that of Section 6.1. We indicate only the differences
between the proofs of the corresponding results.
In Section 4 we consider actions of groups. For an arbitrary topological group G using the notion of an isometri-
cally universal G-space we define the notion of an isometrically ω-saturated class of G-space and give some results
concerning these classes. These results are obtained by the results of Section 7.1 of [9] replacing the words “satu-
rated class” (for the spaces, mappings, and G-spaces) by the words “isometrically ω-saturated class” and, as for the
mappings, we do not give their proofs.
In Sections 3 and 4 we also put some problems concerning isometrically universal mappings and G-spaces, respec-
tively.
We note that in Sections 3 and 4 we use notions and notations of [9].
2. Some problems on isometrically universal spaces
In [9] it is proved that the following well-known classes of spaces are isometrically ω-saturated:
(1) The class S of all spaces.
(2) The class CD of all countable-dimensional spaces.
(3) The class SCD of all strongly countable-dimensional spaces.
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(5) The class Dn of all spaces of dimension less than or equal to a given non-negative integer n.
(6) The class Dα of all spaces of dimension ind less than or equal to a given non-finite countable ordinal α.
(7) The class Mn of all spaces of metric dimension less than or equal to a given non-negative integer n.
(8) The (non-empty) classMnDm of all spaces of metric dimension less than or equal to a given non-negative integer
n and dimension less than or equal to another given non-negative integer m.
We note that in the classes (1)–(6) topologically universal elements were constructed in [18,13,17] and [13,22,14,15],
respectively. The definition of the metric dimension can be found, for example, in [3]. In [16] it was proved that
the metric dimension does not coincide with the inductive dimension. The relations between metric and inductive
dimensions were given in [10].
The constructed isometrically universal spaces are not complete nor Urysohn homogeneous. By the Urysohn ho-
mogeneity we understand here the homogeneity considered in [19] and defined as follows.
Definition. A space X is said to be Urysohn homogeneous (or ultrahomogeneous) if each isometry of any finite subset
A of X into X can be extended to an isometry of the whole space X onto X.
A space X is said to be Urysohn k-homogeneous, where k ∈ ω \ {0}, if each isometry of any subset A of X into X
consisting of not more than k elements can be extended to an isometry of the whole space X onto X.
A space X is said to be topologically homogeneous if for every points x and y of X there exists a homeomorphism
of X onto X such that h(x) = y.
Obviously, any Urysohn k-homogeneous (and, therefore, any Urysohn homogeneous) space is topologically ho-
mogeneous.
The space U (the Urysohn space) constructed in [19] is an isometrically universal (in the class of all spaces)
Urysohn homogeneous complete space. Moreover, any isometrically universal Urysohn homogeneous complete space
is isometrically homeomorphic to the Urysohn space. Actually, any Urysohn homogeneous complete space with the
property that it contains isometrically any finite metric space is isometric to the Urysohn space.
The fact that all finite metric spaces are contained in each of the classes CD, SCD, LFD, Dn, Dα , Mn, and
MnDm, n,m ∈ ω and α ∈ ω+ \ ω, implies that in these classes there are no isometrically universal Urysohn homo-
geneous complete spaces. Moreover, as it follows for example from Corollary 7.1.10 of [3], in the classes CD and
SCD there are no topologically (and, therefore, isometrically) universal complete spaces. Also, it is easy to see that
in the class LFD there are no topologically universal topologically homogeneous spaces and, therefore, there are no
isometrically universal Urysohn homogeneous spaces.
So, we can pose the following problems.
Problem I. Is it possible to characterize some isometrically universal spaces in the classes CD, SCD, LFD, Dn, Dα ,
Mn, and MnDm, n,m ∈ ω and α ∈ ω+ \ ω?
Problem II. 1. What of the classes CD, SCD, LFD, Dn, Dα , Mn, and MnDm, n,m ∈ ω and α ∈ ω+ \ ω, have
isometrically universal Urysohn homogeneous spaces and what isometrically universal complete spaces?
In particular,
2. Are there isometrically universal Urysohn homogeneous spaces in the classes CD, SCD, Dn,Mn, andMnDm,
n,m ∈ ω? Is it possible (when they exist) to characterize some of such spaces?
3. Are there isometrically universal complete spaces in the classes Dn, Mn, and MnDm, n,m ∈ ω? Is it possible
(when they exist) to characterize some of such spaces?
We note that in [12] (improving, in part, the result of [21]) it is proved that each metric space X (of an arbitrary
weight) is contained isometrically in an Urysohn homogeneous metric space Y such that dim(X) = dim(Y ) and
|X| = |Y | and it is considered the question if Y additionally can preserve the weight of X. The affirmative answer
to this question (for metric spaces of the countable weight) and the fact of the existence of isometrically universal
elements in the class Dn, n ∈ ω, imply the existence in this class isometrically universal Urysohn homogeneous
elements.
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Mn, andMnDm, n,m ∈ ω, for some integers k? Is it possible (when they exist) to characterize some of such spaces?
The Urysohn space U is constructed as the completion of the separable metric space U0 (see [19]). The space U0
is countable and therefore zero-dimensional, which means that it belongs to any of the above considered classes CD,
SCD, LFD, Dn, Dα , Mn, and MnDm, n,m ∈ ω and α ∈ ω+ \ ω. So, we can pose the following problem.
Problem IV. Are there isometrically universal spaces in the classes CD, SCD, LFD, Dn, Dα , Mn, and MnDm,
n,m ∈ ω and α ∈ ω+ \ω, which contain isometrically as dense subset the space U0? Equivalently, are there subspaces
of the Urysohn space containing U0 which are isometrically universal in the classes CD, SCD, LFD, Dn, Dα , Mn,
and MnDm, n,m ∈ ω and α ∈ ω+ \ ω?
Now, we consider the well-known topologically universal spaces in some of the above mentioned classes of spaces.
These spaces are the following:
(1) The subspace Nω of the Hilbert cube consisting of all points with finitely many rational coordinates, which is
topologically universal in the class CD. (See [13].)
(2) The subspace Kω of the Hilbert cube consisting of all points with finitely many non-zero coordinates, which is
topologically universal in the class SCD. (See [13] and [17].)
(3) The subspace
Wω ≡
⋃
{Wn: n ∈ ω} \
{
(0,0, . . .)
}
of the Hilbert cube, where Wn is the set consisting of all points (x1, x2, . . .) such that 0 xj  1/n for j = 1, . . . , n
and xj = 0 for j > n. This space is topologically universal in the class Dn. (See [22].)
(4) The subspace N2n+1n , n ∈ ω, of the (2n + 1)-dimensional Euclidean space consisting of all points with at most
n rational coordinates, which is topologically universal in the class LFD. (See [14].)
Since the Urysohn space U is topologically homeomorphic to the Hilbert space H (see [20]) we can put the fol-
lowing problem.
Problem V. Are there homeomorphisms of the Hilbert space H onto (into) the Urysohn space U such that the images
of the subspaces Nω, Kω, Wω , and N2n+1n , n ∈ ω, of H are isometrically universal in the corresponding classes? (The
(2n + 1)-dimensional Euclidean space is considered, by the natural way, as a subset of the Hilbert space.)
Problem VI. Are there metrics on the spaces Nω, Kω, Wω , and N2n+1n , n ∈ ω, which make these spaces isometrically
universal in the corresponding classes?
Problem VII. Let T be a topologically universal space in one of the classes S , CD, SCD, LFD, Dn, Dα , Mn, and
MnDm, n,m ∈ ω and α ∈ ω+ \ ω. Under what conditions there exists a metric on T which makes it isometrically
universal in the same class?
Concerning Problem VII we note that there are topologically universal spaces on which do not exist metrics, which
make these spaces isometrically universal. Such a space is for example any compact space topologically universal in
the class of all spaces.
Problem VIII. Is there a metric on the (2n + 1)-dimensional Euclidean space, which makes it an isometrically con-
taining space for the class Dn?
Definitions. (See [9].) Let P be a class of spaces. The class P is said to be uniform if the following conditions are
satisfied: (a) there exists a positive integer d such that Diam(X) d for every X ∈ P and (b) for each positive number
ε there exists a positive integer n(ε) such that every element X of P has a finite ε-net the number of elements of which
is less than or equal to n(ε).
In Chapter 9 of [9] it is proved the following results.
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LFD, Dn, Dα ,Mn, andMnDm, where n,m ∈ ω and α ∈ ω+ \ω) and P0 a subclass of P. Then, P0 is uniform if and
only if there exists a totally bounded element of P, which is an isometrically containing space for P. In particular,
• A class K of compact spaces (or any class of spaces) is uniform if and only if there exists an isometrically
containing compact space for K.
Problem IX. Let P be one of the classes S , CD, SCD, LFD, Dn, Dα , Mn, and MnDm, n,m ∈ ω and α ∈ ω+ \ ω,
and P0 an arbitrary uniform subclass of P. Then, in the class P there exists a space T which is totally bounded
isometrically containing space for P0. For what P the space T can be considered to be: (a) Urysohn homogeneous,
(b) Urysohn k-homogeneous for some k ∈ ω \ {0}, and (c) complete?
Problem X. 1. Let P be one of the classes S , CD, SCD, LFD, Dn, Dα ,Mn, andMnDm, n,m ∈ ω and α ∈ ω+ \ω.
What is the minimal cardinal νP such that there exist νP many uniform subclasses of P, whose union is the whole
class P? In particular,
2. What is the minimal cardinal ν such that there exist ν many uniform classes of compact spaces, whose union is
the class of all compact spaces?
Definitions. Any non-decreasing mapping n of the set of positive numbers into the set of positive integers is called a
net-function.
A net-function n1 is said to be a majorant of a net-function n0 if for every ε > 0, n0(ε) n1(ε).
Let X be a totally bounded space. The net-function of X is a net-function, denoted by nX , such that for every ε > 0,
nX(ε) coincides with the minimal of integers n for which the space X has an ε-net with n elements.
Let M be a class of spaces, d a positive integer, and n a net-function. We denote by M(d,n) the subclass of M
consisting of all totally bounded elements X of M such that Diam(X) d and n is a majorant of nX . Obviously, the
class M(d,n) is uniform.
In [9] it is proved the following result:
• Let M be an isometrically ω-saturated class of spaces (in particular, M may be one of the above considered
classes of spaces), d a positive integer, and n a net-function. Then, there exists a totally bounded element T of M,
which is an isometrically containing space for M(d,n), such that for every positive integer p the function nT satisfies
condition
nT (1/p) 22s(4p)s(4p)p
(
d, s(4p)
)
, (1∗)
where
s(4p) =
4p∑
n=1
n(1/n),
and
p
(
d, s(4p)
)=
s(4p)∏
n=0
(n + 2)5((n + 2)d + 2)3.
Problem XI. (See Problem 10.8.14(1) of [9].) Is it possible to improve (in some sense) relation (1∗)?
Problem XII. Is there a totally bounded isometrically containing space for M(d,n) such that:
(a) lim
p→∞
nT (1/p)
n(1/p)
= 1,
(b) lim
p→∞
nT (1/p)
n(1/p)
= c,
where c > 1 is a fixed number?
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p→∞
nT (1/p)
n(1/p)
= pk,
where k is a fixed positive number?
Problem XIII. Is it possible to characterize classes CD, SCD, LFD, Dn, Dα , Mn, and MnDm, n,m ∈ ω and
α ∈ ω+ \ ω, using the notion of a uniform subclass and the notion of a net-function?
In [9] results concerning isometrically universal spaces with so-called “structure” are given. We formulate here two
of them.
• Let n ∈ ω. There exists a space T and a fixed zero-dimensional subsets T0, . . . , Tn, whose union is T , such that
for every space X and fixed zero-dimensional subsets X0, . . . ,Xn of X, whose union is X, there exists an isometry
iXT of X into T such that
Xi ⊂
(
iXT
)−1
(Ti), i ∈ {0, . . . , n}. (2∗)
(Note that T is an isometrically universal space in the class Dn.)
• There exists a space T and a fixed sequence {Ti : i ∈ ω} of zero-dimensional subsets of T , whose union is T ,
with the property that for every space X and a fixed sequence {Xi : i ∈ ω} of zero-dimensional subsets of X, whose
union is X, there exists an isometry iXT of X into T such that
Xi ⊂
(
iXT
)−1
(Ti), i ∈ ω. (3∗)
(Note that T is an isometrically universal space in the class CD.)
In [9] it is also proved that if in the above sentences all considered zero-dimensional subsets of T and X are of the
multiplicative class (or of the additive class) α, where α is a fixed countable ordinal, then relations (2∗) and (3∗) can
be replaced by relations
Xi =
(
iXT
)−1
(Ti), i ∈ {0, . . . , n}, (4∗)
and
Xi =
(
iXT
)−1
(Ti), i ∈ ω, (5∗)
respectively.
Problem XIV. Is it true that, in general, relations (2∗) and (3∗) cannot be replaced by relations (4∗) and (5∗)?
3. Isometrically universal mappings
The notion of an isometrically universal mapping for a class of mappings is an analogy of the notion of an isomet-
rically universal space for a class of spaces. In Chapter 9 of [9] isometrically universal spaces are constructed for that
of the classes P of separable metric spaces for which in the metrizable-correspondence of P topologically universal
spaces are constructed by the method given in [9]. Similarly to this result, in the present section we shall construct
isometrically universal mappings for that of the classes F of mappings for which in the metrizable-correspondence of
F topologically universal mappings are constructed in Section 6.1 of [9].
The lemma and all propositions of the present section are proved similarly to the corresponding lemma and propo-
sitions of Section 6.1 of [9]. For this reason we do not give the proofs of results of the present section. We only indicate
the differences between this section and Section 6.1 of [9]. These differences are the following.
1. In Section 6.1 of [9] the cardinal τ (which restricts the weights of spaces) is an arbitrary fixed cardinal while
here τ = ω. However, we compare the results of the present section with the results of Section 6.1 for the case, where
τ = ω and all considered spaces are separable metrizable.
2. In Section 6.1 the families of equivalence relations are considered to be admissible while here, as in Section 9.1
of [9], they are ω+-admissible. The only difference between these two notions consists in the fact that for an ad-
missible family the number of ∼s -equivalence classes, s ∈ F , is finite while for an ω+-admissible family it is finite
or countable. Since in the proofs of the results of Section 6.1 we nowhere use the number of equivalence classes of
considered relations, all these results are hold if instead of admissible families we shall consider ω+-admissible.
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used a generalization of this method given in Section 1.5. However, for τ = ω this generalization concerns only the
difference between families of equivalence relations mentioned in the preceding remark.
4. In Section 6.1 the constructed Containing Spaces are topological spaces (without metrics). Here, the Containing
Spaces must be metric spaces. Thus, in order to define suitable metrics we consider S-indexed collections of ω-indexed
dense subsets and apply Proposition 9.1.9 of [9].
We start with the following definitions.
Definitions. Let S be an indexed collection of spaces. An indexed collection
M ≡ {{UXδ : δ ∈ τ
}
: X ∈ S},
where {UXδ : δ ∈ τ } is an indexed base for the open subsets of X ∈ S, is said to be a co-mark of S.
Let F be an indexed collection of mappings, Sd the F-domain, and Sr the F-range. Any pair (Md ,Mr ), where
Md = {{UDfδ : δ ∈ τ
}
: Df ∈ Sd
}
is a co-mark of Sd and
Mr = {{URfδ : δ ∈ τ
}
: Rf ∈ Sr
}
is a co-mark of Sr , is called an F-co-mark. The F-co-mark (Md ,Mr ) is said to be proper if there exists a one-to-one
mapping ϕ of τ into itself such that
U
Df
ϕ(δ) = f−1
(
U
Rf
δ
)
for every δ ∈ τ and f ∈ F.
For every family R of equivalence relations on F we denote by C(R) the set of all equivalence classes of all
equivalence relations including in R and by C♦(R) the minimal algebra of subsets of F containing the set C(R).
Let
R ≡ {∼s : s ∈F}
be an ω+-admissible family of equivalence relations on F. We denote by
Rd ≡ {∼sd : s ∈F
}
and Rr ≡ {∼sr : s ∈F
}
the ω+-admissible families of equivalence relations on Sd and Sr , respectively, which are defined as follows:
Df ∼sd Dg and Rf ∼sr Fg, s ∈F ,
if and only if f ∼s g for every f,g ∈ F.
Let H ∈ C♦(R). We denote by Hd (respectively, by Hr ) the element of C♦(Rd) (respectively, of C♦(Rr )) which is
defined as follows: for an element f of F we have Df ∈ Hd (respectively, Rf ∈ Hr ) if and only if f ∈ H.
Let (Md ,Mr ) be an F-co-mark. The family R is said to be (Md ,Mr )-ω+-admissible if Rd is (Md ,ω,ω+)-
admissible and Rr is (Mr ,ω,ω+)-admissible.
The following lemma is the basic lemma in order to introduce the notion of an isometrically ω-saturated class of
mappings, as well as, to prove the given below propositions.
Lemma 3.2. Let F be an indexed collection of mappings, Sd the F-domain, and Sr the F-range. Let Pd be an Sd -
indexed collection of ω-indexed dense subsets and Pr an Sr -indexed collection of ω-indexed dense subsets. Suppose
that (Md ,Mr ) is a proper F-co-mark and R an (Md ,Mr )-ω+-admissible family of equivalence relations on F such
that Rd is (Md ,Pd)-admissible and Rr is (Mr ,Pr )-admissible. Then, there exists a unique mapping f T of the Con-
taining Space T(Md ,Rd) into Containing Space T(Mr ,Rr ) such that for every f ∈ F the pair (if , jf ), where if is
the natural embedding of Df into T(Md ,Rd) and jf is the natural embedding of Rf into T(Mr ,Rr ), is a topological
embedding of f into f T. (Therefore, the mapping f T is defined by the condition: if (x,Df ) ∈ a ∈ T(Md ,Rd) and
(f (x),Rf ) ∈ b ∈ T(Mr ,Rr ), then f T(a) = b.) Moreover, in the Containing Spaces T(Md ,Rd) and T(Mr ,Rr ) we
can define metrics in such a manner that the pair (if , jf ) becomes an isometric embedding of f into F .
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the lemma concerning the classes Sd and Sr imply assumption for the class S of Section 9.1 of [9], as the metrics on
the Containing Spaces T(Md ,Rd) and T(Mr ,Rr ) mentioned in the lemma we can consider the metrics constructed in
Section 9.1.
Definition. The unique mapping
f T : T
(
Md ,Rd
)→ T(Mr ,Rd)
of the above lemma is called the isometrically containing mapping for F corresponding to the pairs (Md ,Mr ) and
(Pd ,Pr ) and the family R.
For every H ∈ C♦(R) we denote by f TH the mapping of T(Md ,Rd ,Hd) into T(Mr ,Rr ,Hr ) such that f TH(a) =
f T(a), a ∈ T(Md ,Rd ,Hd). The mapping f TH is called the isometrically containing mapping for F corresponding to
the pairs (Md ,Mr ) and (Pd ,Pr ), the family R, and the equivalence class H.
Definition. A non-empty class F of mappings is said to be isometrically ω-saturated if for every indexed collection
F of elements of F, whose the F-domain is a class Sd and F-range a class Sr , there exists a proper F-co-mark
(Md,+,Mr,+) with the property that for every:
(a) proper F-co-mark (Md ,Mr ), which is a co-extension of (Md,+,Mr,+),
(b) Sd -indexed collection Pd of ω-indexed dense subsets, and
(c) Sr -indexed collection Pr of ω-indexed dense subsets,
there exists an (Md ,Mr )-ω+-admissible family R+ of equivalence relations on F, for which Rd is (Md ,Pd)-
admissible and Rr is (Mr ,Pr )-admissible, such that for every family R, which is a final refinement of R+, and an
element H of C♦(R) the isometrically containing mapping
f TH : T
(
Md ,Rd ,Hd
)→ T(Mr ,Rd ,Hr)
corresponding to the pairs (Md ,Mr ) and (Pd ,Pr ), the family R, and the equivalence class H belongs to F.
The proofs of the following Propositions 3.3, 3.4, 3.5, 3.6, 3.7, and 3.8 are similar to Propositions 6.1.3, 6.1.4,
6.1.6, 6.1.7, 6.1.10, and 6.1.11 of Section 6.1 of [9], respectively.
Proposition 3.3. The non-empty intersection of countable many isometrically ω-saturated classes of mappings is also
an isometrically ω-saturated class of mappings.
Proposition 3.4. In each isometrically ω-saturated class of mappings there exist isometrically universal elements.
Proposition 3.5. The domain-class and the range-class of any isometrically ω-saturated class of mappings are iso-
metrically ω-saturated classes of spaces.
Proposition 3.6. Let D and R be two isometrically ω-saturated classes of spaces. Then, the class C(D,R) of all
mappings with the domain in D and range in R is an isometrically ω-saturated class of mappings.
Definition. Let f be a mapping. The mapping f is said to be open (respectively, closed ) if for every open (respectively,
closed) subset G of Df the set f (G) is open (respectively, closed) in Rf .
The mapping f is said to be base-closed (respectively, c-base-closed) if there exists a base B for the open subsets
of Df such that the image of the closure of each element of B (respectively, the image of the complement of each
element of B) is closed in Rf . (See [9].)
Proposition 3.7. Let D and R be two isometrically ω-saturated classes of spaces. Then, the (non-empty) class
Cop(D,R) of all open mappings with the domain in D and range in R is an isometrically ω-saturated class of map-
pings.
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Cbc(D,R) of all base-closed mappings with the domain in D and range in R is an isometrically ω-saturated class of
mappings.
Proposition 3.9. Let D and R be two isometrically ω-saturated classes of spaces. Then, the (non-empty) class
Ccbc(D,R) of all c-base-closed mappings with the domain in D and range in R is an isometrically ω-saturated
class of mappings.
Since all classes S , CD, SCD, LFD, Dn, Dα , Mn, MnDm, where n,m ∈ ω and α ∈ ω+ \ ω, are isometrically
ω-saturated we have the following corollary.
Corollary 3.10. Let D and R be (independently) one of the classes S , CD, SCD, LFD,Dn,Dα ,Mn,MnDm, where
n,m ∈ ω and α ∈ ω+ \ω. Then, in the classes C(D,R), Cop(D,R), Cbc(D,R), and Ccbc(D,R) there are isometrically
universal elements.
Now, we pose some problems.
Problem XV. 1. Let D and R be (independently) one of the classes S , CD, SCD, LFD,Dn,Dα ,Mn,MnDm, where
n,m ∈ ω and α ∈ ω+ \ ω. Is it possible to characterize some of the isometrically universal mappings in the classes
C(D,R), Cop(D,R), Cbc(D,R), and Ccbc(D,R)? In particular,
2. Is it possible to characterize some of the isometrically universal mappings in the class of all mappings?
Problem XVI. Is there a mapping of the Urysohn space into itself which is isometrically universal in the class:
(1) of all mappings?
(2) of all open mappings?
(3) of all base-closed mappings?
(4) of all c-base-closed mappings?
Is it possible to characterize some of such mappings?
Problem XVII. Is there a mapping of the Urysohn space into itself which is isometrically containing for the class:
(1) of all mappings of compact spaces?
(2) of all open mappings of compact spaces?
Notation. We denote by C the class of all compact spaces and by Cn, n ∈ ω, the class of all compact spaces of
dimension  n.
The following result is a part of the results given in Section 6.4 of [9].
• Let D and R be (independently) one of the classes C or Cn, n ∈ ω. Then, in the class of all mappings with the
domain in D and range in R (which is not a saturated class) there are topologically universal elements.
It is easy to see that in the above considered class of mappings there are no isometrically universal elements.
Definition. An increasing continuous function k with the domain and range the set of all positive real numbers
such that if δ → 0, then k(δ) → 0 is called an uniformity-degree function. Let k be an uniformity-degree function.
A mapping f is said to be k-uniform if for every δ > 0 we have d(f (x), f (y)) < k(δ), whenever d(x, y) < δ for
every x, y ∈ Df . (By d we denote the metrics of spaces.)
Problem XVIII. Let D and R be (independently) one of the classes C or Cn, n ∈ ω, and let k be an uniformity-degree
function. Suppose that D0 is a uniform subclass of D and R0 is a uniform subclass of R. Consider the class Ck(D0,R0)
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in R which is isometrically containing for the class Ck(D0,R0)?
Problem XIX. Let D and R be (independently) one of the classes CD, SCD, LFD, and Dn, n ∈ ω, and D and R
are the topological universal elements Nω, Kω, Wω and N2n+1n , n ∈ ω, of the corresponding class. Let also k be an
uniformity-degree function. Are there metrics on D and R and a mapping of D into R which is isometrically universal
in the class Ck(D,R)?
4. Isometrically universal actions of groups
In the present section we shall construct isometrically universal G-spaces for that of the classes P of G-spaces for
which in the metrizable-correspondence of P topological universal mappings are constructed in Section 7.1 of [9]. As
for the mappings, we do not give the proofs of the results since their are similar to that of Section 7.1. The differences
in the proofs are exactly the differences for the mappings mentioned in the preceding section.
The following lemma is the basic lemma for the introducing the notion of an isometrically ω-saturated class of
G-spaces.
Lemma 4.1. Let S be an indexed collection of spaces, G a fixed space, and FX , for X ∈ S, an open mapping of G×X
into X, and let
F = {FX: X ∈ S}.
Let also
P = {PX: X ∈ S}
be an S-indexed collection of ω-indexed dense subsets. Suppose that (Md ,Mr ) is a proper product-open F-co-mark
and R is an (Md ,Mr )-admissible family of equivalence relations on F such that the family Rr of equivalence relations
on S is (Mr ,P)-admissible. Then, the following conditions are satisfied:
(1) A set
a ≡ {(x,X): x ∈ X ∈ S}
is a point of the Containing Space Tr ≡ T(Mr ,Rr ) for the indexed collection S of spaces if and only if for every g ∈ G
the set
[g,a] ≡ {((g, x),G ×X): (x,X) ∈ a}
is a point of the Containing Space Td ≡ T(Md ,Rr ) for the indexed collection G ⊗ S of spaces.
(2) The mapping [G,Tr ] defined by relation
[
G,Tr
]
(g,a) = [g,a],
where g ∈ G and a ∈ Tr is a homeomorphism of the space G × Tr onto the space Td .
(3) If G is a topological group and FX , X ∈ S, is an action of G on X, then the mapping
FG×Tr ≡ f T ◦ [G,Tr],
where F T : Td → Tr is the containing mapping corresponding to the F-co-mark (Md ,Mr ) and the family R, is also
an action of G on Tr . Moreover, if L ∈ C♦(R), then
FG×Tr
(
G × Tr(Lr))= Tr(Lr),
where Tr (Lr ) = T(Mr ,Rr ,Lr ) and, therefore, the mapping
FG×T
r
L ≡ FG×T
r ∣∣
G×Tr (Lr )
is an action of G on Tr (Lr ).
(4) On the Containing Space Tr there exists a metric such that for every X ∈ S the natural embedding iXTr of X into
Tr is an isometry satisfying condition
iXTr ◦ FX = fG×T
r ◦ (indG ×iXTr
)
.
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constructed in Lemma 4.1 is called the isometrically containing action-mapping for F corresponding to P the co-mark
(Md ,Mr ), the family R, and the element L of C♦(R).
Definition. A non-empty class P of G-spaces is said to be isometrically ω-saturated if for every indexed collection
F of elements of the action-component of P and for every S-indexed collection P of ω-dense subsets, where S is the
F-range, there exists a proper product-open F-co-mark (Md,+,Mr,+) satisfying the following condition: for every
proper F-co-mark (Md ,Mr ), which is a co-extension of (Md,+,Mr,+) (and, therefore, (Md ,Mr ) is also a product-
open F-co-mark), there exists an (Md ,Mr )-admissible family R+ of equivalence relations on F for which (R+)r is
(Mr ,P)-admissible such that for every admissible family R of equivalence relations on F, which is a final refinement
of R+, and an element L of C♦(R) the pair
(
T
(
Mr ,Rr ,Lr
)
,FG×T
r
L
)
belongs to P, where FG×T
r
L is the isometrically containing action-mapping corresponding to P, the F-co-mark
(Md ,Mr ), the family R, and the element L of C♦(R).
Corollary 4.2. The class of all G-spaces is an isometrically ω-saturated class.
Proposition 4.3. A class P of G-spaces is isometrically ω-saturated if and only if the action-component of P is an
isometrically ω-saturated class of mappings.
Proposition 4.4. The non-empty intersection of countable many isometrically ω-saturated classes of G-spaces is also
an isometrically ω-saturated class.
Proposition 4.5. In any non-empty isometrically ω-saturated class of G-spaces there exists isometrically universal
elements.
Proposition 4.6. The space-component of any isometrically ω-saturated class of G-spaces is an isometrically ω-
saturated class of spaces.
Proposition 4.7. Let R be an isometrically ω-saturated class of spaces (respectively, an isometrically ω-saturated
class of mappings). Then, the (non-empty) class of G-spaces (X,FX) such that X ∈ R, is an isometrically ω-saturated
class of G-spaces.
Corollary 4.8. Let G be an arbitrary separable metric group and let P be one of the classes CD, SCD, LFD, Dn,
Dα , Mn, MnDm, where n,m ∈ ω and α ∈ ω+ \ ω. Then, the class of all G-spaces (X,FX) such that X ∈ P is an
isometrically ω-saturated class and, therefore, in this class there are isometrically universal elements.
Now, we pose some problems.
Problem XX. 1. Let G be an arbitrary group and R one of the classes S , CD, SCD, LFD, Dn, Dα , Mn, MnDm,
where n,m ∈ ω and α ∈ ω+ \ω. Is it possible to characterize some of the isometrically universal elements in the class
of all G-spaces (X,FX), where X ∈R? In particular,
2. Is it possible to characterize some of the isometrically universal elements in the class of all G-spaces?
Problem XXI. Let G be an arbitrary separable metric group. Is there an action FU of G on the Urysohn space U such
that the G-space (U,FU) to be isometrically universal in the class of all G-spaces?
Problem XXII. Let G be an arbitrary separable metric group. Is there an action FU of G on the Urysohn space U
such that the G-space (U,FU) to be isometrically containing for the class of all G-spaces (X,FX) for which X is
compact?
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